Quantum mechanics with respect to different reference frames 



L.Mangiarotti 

Department of Mathematics and Informatics, University of Camerino, 62032 Camerino 
(MC), Italy 

t> ; G.Sardanashvily 

Department of Theoretical Physics, Moscow State University, 117234 Moscow, Russia 

(N ' 
H 

Geometric (Schrodinger) quantization of nonrelativistic mechanics with respect to different 
reference frames is considered. In classical nonrelativistic mechanics, a reference frame is 
represented by a connection on a configuration space fibered over a time axis R. Under 
quantization, it yields a connection on the quantum algebra of Schrodinger operators. The 
operators of energy with respect to different reference frames are examined. 



(N 



I. INTRODUCTION 



> 

Since reference frame transformations are time-dependent, we are in the case of time- 
dependent nonrelativistic mechanics. A problem is that a Hamiltonian TC of time- dependent 
mechanics fails to be a scalar function. Therefore, its quantization depends on a reference 
frame. Quantized with respect to a given reference frame T, a Hamiltonian Ti coincides 
with the operator Sr of energy relative to this reference frame, but not to other ones. Our 
goal is the relation (18) between operators of energy with respect to different reference 
frames. 

A configuration space of time-dependent mechanics is a smooth real fiber bundle 7r : 
Q — > R, where Q is an oriented manifold and R is a time axis. This configuration space is 
endowed with bundle coordinates (t, q l ) where t is a Cartesian coordinate on R possessing 
the transition functions if = t+const. Due to these transition functions, the base R is 
provided with the standard vector field d% and the standard one-form dt. The velocity 
phase space of time-dependent mechanics is the jet manifold J 1 Q of Q — > R coordinated by 
(t,q\ql), and its momentum phase space is the vertical cotangent bundle V*Q of Q — > R 
equipped with the holonomic coordinates (t,q l ,pi = (ji)- 1 ^ 3 

A fiber bundle over Q — > R is always trivial. Any trivialization Q = R x M yields a 
global reference frame on Q as follows. A reference frame in nonrelativistic mechanics is 
defined as a connection 

r = dt®(a t + r%q i )dj (1) 

on the configuration bundle Q — > R. 1-5 Let 

dr = d t + r i (t,q i )a i (2) 
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be the horizontal lift onto Q of the standard vector field d t on R. One can think of its values 
as being velocities of "observes" at points of Q. Accordingly, the corresponding covariant 
differential 

Dr-.J'Q-.VQ, q*oD r = ql-T\ (3) 

determines the relative velocities with respect to the reference frame T. These velocities 
are elements of the vertical tangent bundle VQ of Q — > R coordinated by (t,q l ,qi). A 
connection T (1) is called complete if the vector field dr (2) is complete. Since connections 
r on Q — > R are always flat, there is one-to-one correspondence between them and the 
equivalence classes of atlases of Q — > R with time-independent transition functions. 1 ' 5,6 
Namely, P = relative to bundle coordinates of an associated atlas. These coordinates are 
called T-adapted. T-adapted coordinates (t, g- 7 ), a connection T relative to arbitrary bundle 
coordinates (t, q l ) reads 

r(t,<t) = d t <t(ttf). (4) 

In particular, every trivialization of a fiber bundle Q — > R yields a complete connection, 
i.e., a reference frame on Q, and vice versa. We call it a global reference frame and, without 
a loss of generality, restrict our consideration to global reference frames. 

Let T*Q be the cotangent bundle of a configuration space Q equipped with the holo- 
nomic coordinates (t,q\p,Pi), possessing the transition functions 

/ dq j , dq j 

This bundle plays the role of the homogeneous momentum phase space of time-dependent 
mechanics. 3 ' 7 It is equipped with the canonical Liouville and symplectic forms 

S = pdt + pidq 1 , Q = dE = dp A dt + dpi A dq l . (6) 

The corresponding Poisson bracket reads 

{f,9h = d p fd t g - d p gd t f + d*fd t g - d'gdj, f,ge C°°(T*Q). (7) 

There is the trivial one-dimensional afline bundle 

(:T*Q^ V*Q. (8) 

It provides V*Q with the degenerate regular Poisson structure 

{f,9}v = St f dig - Stgdif, f,g G C°°{V*Q), (9) 

such that ( is a Poisson morphism, i.e., 

C{f,9}v = {Cf,Cg} T . (10) 
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Due to this fact, we can quantize time- dependent mechanics in the framework of geometric 
quantization of the Poisson manifold (V*Q, {, }v)- 7 9 

A Hamiltonian on the momentum phase space V*Q of time-dependent mechanics is 
defined as a global section 

H:V*Q^T*Q, p=-H(t,q i ,p j ), (11) 

of the afline bundle ( (8). For instance, any connection T (1) defines a Hamiltonian 

H r = f o T : Q -> J l Q -> T*Q, ft r = Ppi, (12) 

due to the canonical imbedding £ : J X Q — > T*Q. A glance at the transformation law (5) 
shows that a Hamiltonian H (11) fails to be a function on V*Q. Therefore, it can not be 
quantized as an element of the Poisson algebra C°°(V*Q) of smooth real functions on V*Q. 
One can overcome this difficulty if a trivialization Q = H. x M (i.e., a reference frame) 
holds fixed, 10,11 but must compare the results of independent quantizations with respect to 
distinct reference frames. 

In a different way, we have performed frame independent geometric quantization of the 
Poisson algebra C°°(T*Q) on the cotangent bundle T*X. 7 ~ 9 It contains both the subalgebra 
(*C°°(V*Q) and the function 

H* = d t \(E-Ch*E)=p + n, (13) 

which is a Hamiltonian, called the covariant Hamiltonian, on the homogeneous momen- 
tum phase space T*Q. 7 ' 9 The monomorphism (*C°°(V*Q) — > C°°(T*Q) is prolonged to a 
monomorphism of quantum algebras Ay of V*Q and At of T*Q. These algebras consist 
of affine functions of momenta on V*Q and T * Q, respectively. They are represented by 
first order differential operators (33) and (34) on the C°°(]R)-module Er of complex half- 
forms on Q whose restriction to each fiber of Q — > K. is of compact support. Accordingly, 
the covariant Hamiltonian H*, polynomial in momenta, is quantized as an element of the 
universal enveloping algebra of the Lie algebra At- 

A problem is that the decomposition H* = p + H and the corresponding splitting of 
quantum operators 

n* = p+n = -id t + n (u) 

are ill defined. At the same time, any reference frame T yields the decomposition 

H* = {p + H T ) + (H- H T ) =H* r + £ r , (15) 

where Hr is the Hamiltonian (12), H r is the corresponding covariant Hamiltonian (39), 
and 

£ r = n-Hr = H- r Pi (16) 
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is the energy relative to the reference frame T. 1 3,s ' 12 Accordingly, we obtain the splitting 

n* = n* r + s r , (17) 

where Sr is the operator of energy relative to the reference frame T and (40) is a 
connection (44) on the quantum algebra Ay oiV*Q. The splitting (17) results in a desired 
relation 

n* + S r = H* r , + S r (18) 

between operators of energy with respect to different reference frames. 
Some examples are considered in Section V. 



II. CLASSICAL EVOLUTION OPERATOR AND ENERGY FUNCTIONS 

In contrast with autonomous mechanics, the Poisson structure (9) fails to provide any 
dynamic equation on the momentum phase space V*Q because Hamiltonian vector fields 

$ f = d\fd l -d t fd\ feC°°(V*Q), (19) 

of functions on V*Q are vertical. Moreover, a Hamiltonian H of time-dependent mechanics 
is not a function on V*Q and, therefore, its Hamiltonian vector field with respect to the 
Poisson structure (9) is not defined. Dynamics of time-dependent mechanics is described 
as follows. 1-3 

A Hamiltonian 7i (11) defmess the pull-back Hamiltonian form 

H = H*E = p k dq k - Hdt (20) 

on V*Q, which is the well-known invariant of Poincare-Cartan. Given a Hamiltonian form 
H (20), there exists a unique horizontal vector field 7# (i.e., 7i/Jett = 1) on V*Q such that 
^fn\dH = 0. It reads 

j H = d t + d k Hd k -d k Hd k . (21) 
This vector field, called the Hamilton vector field, yields the first order Hamilton equations 

q \ - d k n = o, Ptk + d k n = o (22) 

on V*Q — > R, where (t, q k ,p k , q k ,Ptk) are coordinates on the first order jet manifold J 1 V*Q 
of V*Q — > R. Accordingly, the Lie derivative 

L 7i J = lH \df = (d t + d k Hd k - d k Hd k )f (23) 

of functions / G C°°(V*Q) along the Hamilton vector field 7# (21) is called the evolution 
operator. It takes the form 

L, H f^d t f = (d t + qld l +p u d i )f 
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on-shell (i.e., on the submanifold of J 1 V*Q defined by the Hamilton equations (22)). If 
L 7H = 0, then d t f ~ 0, i.e., a function / is an integral of motion. The evolution operator 
takes the local form 

L lH f = d t f + {HJ} v , 

but the Poisson bracket {H, f}y is ill defined because it is not a function under coordinate 
transformations. 

In order to overcome this difficulty and quantize the evolution operator, we use the 
fact that a time-dependent Hamiltonian system on the momentum phase space V*Q can 
be extended to an autonomous Hamiltonian system on the homogeneous momentum phase 
space T*Q with the covariant Hamiltonian 7i* (13). 3,13,14 The Hamiltonian vector field of 
7i* with respect to the Poisson bracket (7) on T*Q reads 

lT = dt- d t Hd p + d k Hd k - d k Hd k . (24) 

It is projected onto the Hamilton vector field ^ H (21) on V*Q so that the relation 

C*(L 7 „/) = {H*,Cfh, f e C°°(V*Q), (25) 

holds. In particular, a function / e C°°(V*Q) is an integral of motion iff the bracket (25) 
vanishes. 

Due to the relation (25), we can quantize the pull-back of the evolution operator (23) 
onto T*Q in the framework of geometric quantization of the symplectic manifold (T*Q, fl). 

It is readily observed that the pull-back of a Hamiltonian form H (20) onto the jet 
manifold J l V*Q is the Poincare-Cartan form of the Lagrangian 

L H = h (H) = ( Pl ql - H)dt, h (dq l ) = q\dt, (26) 

on J 1 V*Q, and that the Hamilton equations (22) are exactly the Lagrange equations of 
this Lagrangian. 1 Using this fact, one can obtain conservation laws in time-dependent Ha- 
miltonian mechanics as follows. 1,2,5 

Any vector field u = v}~d t + u % di on a configuration space Q gives rise to the vector field 

u = u l d t + u% - d^pjd 1 (27) 

on the momentum phase space V*Q. The equality 

L~# = L^-Lh (28) 

holds. Then the first variational formula applied to the Lagrangian Lh (26) leads to the 
weak identity 

L Z H w d t (u\H)dt 
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on-shell. If the Lie derivative (28) vanishes, we come to the weak conservation law ~ 
d t {u\H)dt of the function 

% u = u\dH = Vi u l - u l U. (29) 

By analogy with field theory, this function is called the symmetry current along u. Any 
conserved symmetry current T u (29) is an integral of motion. 

For instance, put u = —dr (2). The corresponding symmetry current T^^p (29) is the 
energy function £ r (16) relative to a reference frame r. 1,5,15 A glance at the expression (16) 
shows that £r = H with respect to T-adapted coordinates. 

Note that, given a reference frame T, one should solve the equations 

r {t,q J {t,q )) = ^ , T(t,q J ) + — = (30) 

in order to find the coordinates (t,g a ) adapted to T. 1,5 In particular, one can show that 
components P of T are affine in coordinates q l iff transition functions between coordinates 
q l and Tf are affine, i.e., q l = a l k (t)q k + b l (t)} Examples in Section V illustrate this fact. 

With the energy function £ r , we obtain the decomposition (15) of a covariant Hamilto- 
nian. It follows that 

CWr) « {H\ CErfr = C(d t £ r ). (31) 

A Hamiltonian system is called conservative if there exists a reference frame T such that, 
written with respect to T-adapted coordinates, its Hamiltonian H = £ r is time- independent. 
A glance at the equality (31) shows that, in this case, £r is an integral of motion, and vice 
versa. 

Given different reference frames T and V, the decomposition (15) leads at once to the 
relation 

£ v , = £ r + n r - H r = £r + (P - T' l ) Pi . (32) 



III. QUANTUM TIME-DEPENDENT MECHANICS 

Following Refs. [7-9], we quantize time-dependent mechanics in the framework of geo- 
metric quantization of the cotangent bundle T*Q with respect to its vertical polarization 
given by the vertical tangent bundle VT*Q of T*Q — > Q. Note that polarization of T*Q 
need not induce polarization of V*Q, unless it contains the vertical cotangent bundle V(T*Q 
of the fiber bundle ( (8) spanned by vectors d p . The above mentioned vertical polarization is 
unique canonical real polarization of T*Q satisfying this condition. With this polarization, 
the monomorphism of Poisson algebras 

C* : (C°°(y*Q), {, } v ) - (C°°(T*Q), {, } T ) 
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defined by the relation (10) is prolonged to a monomorphism Ay — > At of quantum algebras 
Ay of V*Q and At of T*Q. A result is the following (see Appendix for the quantization 
technique). 

For the sake of simplicity, we assume that Q is a simply connected manifold and that the 
cohomology group H 2 (Q,Z 2 ) is trivial. 9 Otherwise, there are nonequivalent quantizations. 
For the sake of convenience, the compact notation (q x ,p\), q° = t, p = p, is further used. 

Quantum algebras Ay and At consist of affine functions of momenta on the cotan- 
gent bundle V*Q and the vertical cotangent bundle T*Q, respectively. We obtain their 
Schrodinger representations by first order linear differential operators 

fp = (~iL akdk + b)p = (-ia k d k - % -d k a k + b)p, f = a k (q»)p k + b(q») G Ay, (33) 

fp = ( iL a \g x + b)p = {-ia x d x - l -d x a x + b)p, f = a\q»)p x + b(q») G A T , (34) 

which act in the C°°(R)-module En of complex half-forms p on Q whose restriction to each 
fiber Q t of Q — > M. is of compact support. A glance at the expressions (33) and (34) shows 
that / (33) is the representation of Ay as a subalgebra of At- 

It is readily justified that the operators (33) and (34) satisfy the Dirac condition 

[/,?] = -KfTf'h (35) 

and, thus, form real Lie algebras. Moreover, the quantum operators of functions f(t) G 
C°°(R) depending only on time are reduced to multiplications fp = fp, and they commute 
with any element (33) of the quantum algebra Ay. It follows that Ay is a Lie C°°(R)- 
algebra. Its representation (33) defines the instantwise quantization of Ay as follows. 

Geometric quantization of the Poisson manifold (V*Q, {,}v) yields geometric quanti- 
zation of its symplectic leaves which are fibers it : V t *Q — > V*Q, t G M. of the fiber bundle 
V*Q — > R provided with the symplectic structure 

fl, = (Ho i t )*n = dp k A dq k , (36) 

where ri is an arbitrary section of the fiber bundle ( (8). The associated quantum algebra 
A t consists of functions on V t *Q which are affine in momenta. It is represented by Hermitian 
operators 

f tPt = (-iL akdk + b)p t = (-ia k d k - % -d k a k + b)p t , f t = a k (q l )p k + b(q l ) G A t , (37) 

in the pre-Hilbert space E t of half-forms of compact support on Q t equipped with the 
Hermitian metric 

(p't\pt)t = Jp'tPt- (38) 

Qt 
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Spaces £|, t e 1, are assembled into a trivial pre-Hilbert bundle over R. One can show 
that the restriction to V t *Q of any element of the quantum algebra Ay belongs to A t and, 
conversely, any element of A t is of this type. Thus, A t = i* t Ay. Any half- form p E E R on 
Q yields a half- form of compact support on Q t . Given an element / G Ay and its pull-back 
ft = iff G A t , we obtain from the formulas (33) and (37) that fpoi t = f t (p o i t ). 

As was mentioned above, the C°°(IR)-module E R is also the carrier space for the quantum 
algebra At, but its action on Er is not instantwise. 

IV. ENERGY OPERATORS 

Turn now to quantization of the covariant Hamiltonian 7i* (13). A problem is that, in 
the framework of the Schrodinger quantization, it fails to belong to the quantum algebra At, 
unless it is affine in momenta. Let us restrict our consideration to the physically relevant 
case of H* polynomial in momenta. One can show that, in this case, H* is decomposed in 
a finite sum of products of elements of the algebra At, though this decomposition by no 
means is unique. 7 ' 9 Provided with such a decomposition, 7i* is an element of the universal 
enveloping algebra At of the Lie algebra At- To be more precise, it belongs to At + Ay, 
where Ay is the universal enveloping algebra of the Lie algebra Ay C At- Since the Dirac 
condition (35) holds, the Schrodinger representation of the Lie algebras At and Ay is 
naturally extended to their enveloping algebras At and Ay, and provides the quantization 
ri* of a covariant Hamiltonian Tt*. 

For instance, let Ttr (12) be a Hamiltonian defined by a connection T on V*Q. The 
corresponding covariant Hamiltonian 

n* r = p + n r = p + T k Pk (39) 

belongs to the quantum algebra At- Its quantization (33) reads 

n* = -id t - iv k d k - % -d k v k . (40) 

Written with respect to T-adapted coordinates, it takes the form ri\. = —id t . 
Given an operator Tt*, the bracket 

V/ = <[«•,/) (41) 

defines a derivation of the algebra Ay. Moreover, since p = —id t , the derivation (41) obeys 
the Leibniz rule 

V(9f) = d t gf + gVl geC™(R). 
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Therefore, it is a connection on the C°°(M)-module Ay- 5 ' 9 One says that / is parallel with 
respect to the connection (41) if 

[H*J] = 0. (42) 

One can think of this equality as being the Heisenberg equation in time-dependent mechan- 
ics, while the quantum constraint 

H*p = 0, pe E R , (43) 

plays a role of the Schrodinger equation. 

For instance, any connection (i.e., a reference frame) T (2) on a configuration bundle 
Q — > R induces the connection 

V r / = i[Wr,/] (44) 

on the algebra Ay which is also a connection on the quantum algebra Ay C Ay. The 
corresponding Schrodinger equation (43) reads 

-i(dt + T k d k + \d k T k )p = 0. 

Its solutions are half-forms p G E R which, written relative to T-adapted coordinates (t,(f), 
are time-independent, i.e., p = p(g J ). 

Given a reference frame T, the energy function Sr is quantized as Sr = H.* — ?if • One 
can think of Sr as being an operator of energy with respect to the reference frame T. As a 
consequence, the Schrodinger equation (43) reads 

(7?r + £r)p = -i(dt + T k d k + l -d k T k )p + £ T p = 0. (45) 

Let a Hamiltonian system be conservative and V a reference frame such that the energy func- 
tion Sr is time-independent relative to T-adapted coordinates. In this case, the Schrodinger 
equation (45) takes the familiar form 

(-id t + £ r )p = 0. (46) 

It follows from the Heisenberg equation (42) that a Hamiltonian system is conservative iff 
there exists a reference frame T such that 

[H*,£ r ]=0. 

Given different reference frames, operators of energy Sr and Sr' obey the relation (18) 
taking the form 

S T , = Sr- i{T k - T' k )d k - % -d k {Y k - Y' k ). (47) 
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In particular, let Sr be a time-independent energy operator of a conservative system, and 
let pe be its eigenstate of eigenvalue E, i.e., EtPe = Ep E . Then the energy of this state 
relative to a reference frame V at an instant t is 

(Pe\£t>Pe) = E + i(p E \(T' k d k + l -d k Y' k )p E ) t = 

E + zJ -p E (T'\q^ t)d k + l -d k T'\q\ t))p E . 

Qt 



V. EXAMPLES 

Let us consider a Hamiltonian system on Q = R x U, where U C R m is an open domain 
equipped with coordinates (q 1 ). These coordinates yield a reference frame on Q given by the 
connection T such that P = with respect to these coordinates. Let it be a conservative 
Hamiltonian system whose energy function Sr, written relative to coordinates (t,q l ), is 
time-independent. Let us consider a different reference frame on Q given by the connection 

r' = dt ® (d t + G>di), G i = const, (48) 

on Q. The T'-adapted coordinates (t, g'- 7 ) obey the equations (30) which read 

dt dq k dt 

We obtain q l% = q % — G l t. For instance, this is the case of inertial frames. 1 Given by the 
relation (32), the energy function relative to the reference frame P* (48) reads 

Sv = £t - G k Pk . 

Accordingly, the relation (47) between operators of energy £ r > and Sr takes the form 

S T , =£ T + iG k d k . (50) 

Let p E be an eigenstate of the energy operator Sr- Then its energy with respect to the 
reference frame V (48) is E — G k P k , where P k = (p E \p k p E )t are momenta of this state. 
This energy is time- independent. 

In particular, the following condition holds in many physical models. Given an eigenstate 
p E of the energy operator £ T and a reference frame T' (48), there is the equality 

Mi?, Q j )PE = (W, q 3 ) - G h (q j )p k )pE = (SAP 3 + A,-, q>) + B)p E , A,,B = const. 

Then exp(— iAjq^)p E is an eigenstate of the energy operator Sr possessing the eigenvalue 
E + B. 
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For instance, any Hamiltonian 

H = £ T = l -{m- 1 fp l op J + V{qi) 

quadratic in momenta Pi with a nondegenerate constant mass tensor m y obeys this condition. 
Namely, we have 

Ai = -rriijGP, B = ~m ij G i G j . 

Let us consider a massive point particle in an Euclidean space R 3 in the presence of 
a central potential V(r). Let M 3 ,be equipped with the spherical coordinates (r,(f),9). 
These coordinates define an inertial reference frame T such that T r = = T e = 0. The 
Hamiltonian of the above mentioned particle with respect to this reference frame reads 

n = S r = -(--dr - \dl + - 2 ) + V(r), (51) 
m r 2 r A 

where I is the square of the angular momentum operator. Let us consider a rotatory 
reference frame Y'^ = u>, co =const, given by the adapted coordinates (r, <f>' = <p — out, 9). 
The operator of energy relative to this reference frame is 

£r> = £r + iu)d<f,. (52) 

Let pE, n ,i be an eigenstate of the energy operator £r (51) posessing its eigenvalue E, the 
eigenvalue n of the angular momentum operator I 3 = p^, and the eigenvalue /(/ + 1) of the 
operator I 2 . Then pE,n,i is also an eigenstate of the energy operator £?< with the eigenvalue 
E 1 — E — nuj. 



VI. APPENDIX 

We start with the standard prequantization of the cotangent bundle T*Q. Since the 
symplectic form Q (6) on T*Q is exact, a prequantization bundle is the trivial complex line 
bundle 

C = T*Q xC^ T*Q, (53) 
coordinated by (q x ,p\,c). It is provided with the admissible linear connection 

A = dp x ® d x + dq x ® (d x + ip\cd c ) (54) 

whose curvature equals —ifl. The A-invariant Hermitian fiber metric on C is g(c, d) = cc'. 
The covariant derivative of sections s of the prequantization bundle C (53) relative to the 
connection A (54) along a vector field u on T*Q reads 

V u s = u x (d x - ip\)s + u x d x s. 



11 



Given a function / e C°°(T*Q) and its Hamiltonian vector field Uf = d x fd\ — d\fd x , one 
assigns to / the first order differential operator 

f(s) = -i(V tt/ + = [-i(d x fd x - d x fd x ) + (/ - p A a A /)]s (55) 

on sections s of the prequantization bundle C (53). These operators obey the Dirac condi- 
tion (35) and, thus, form a prequantum real Lie algebra C°°(T*Q) of T*Q. 

Let us turn to prequantization of the Poisson manifold (V*Q, {, }y). Its Poisson bivector 
field w = d k A <9fc is exact. Therefore, a prequantization bundle is the trivial complex line 
bundle 

C v = V*Q xC^ V*Q. (56) 

Since the bundles C (53) and Cy (56) are trivial, C can be seen as the pull-back C*Cy of 
Cy, while Cy is isomorphic to the pull-back 7i*C of C with respect to some section 7i (11) 
of the affine bundle (8). Because the covariant derivative of the connection A (54) along 
the fibers of £ (8) is trivial, let us consider the pull-back 

H*A = d Pk ®d k + dq k <g> (dk + ipkcd c ) + dt® (d t - iHcd c ) (57) 

of A onto Cy — > This connection defines the contravariant derivative 

V sy = V wS0 sy, = <p k 8 k - <p k d k , (58) 

of sections s v of Cy — > V*Q along one-forms on The contravariant derivative (58) 

corresponds to a contravariant connection Ay on the line bundle Cy — > V^Q. 16 Since vector 
fields u>V are vertical on V*Q — > R, this contravariant connection does not depend on a 
choice of 7i. By virtue of the relation (58), the curvature bivector of Ay equals —iw, i.e., 
Ay is an admissible connection on V*Q. Then the Kostant-Souriau formula 

f(sy) = HV^. + f)sy = [-i(d k fd k - d k fd k ) + (/ -p k d k f)]sy, (59) 

defines prequantization of the Poisson manifold V*Q. In particular, the prequantum oper- 
ators of functions f(t) G C°°(R) of time are reduced to multiplications f(sy) = fsy, and 
they commute with any element (59) of the quantum algebra Ay. Consequently, the pre- 
quantum algebra C°°(V*Q) of V*Q is a Lie C°°(R)-algebra. It is readily observed that the 
prequantum operator / (59) coincides with the prequantum operator £*/ (55) restricted to 
the pull-back sections s = £*sy- Thus, the above mentioned prequantization of the Poisson 
algebra C°°(V*Q) is equivalent to its prequantization as a subalgebra of the Poisson algebra 
C°°(T*Q). Since the line bundles C (53) and Cy (56) are trivial, their sections are smooth 
complex functions on T*Q and V*Q, respectively. Then the prequantum operators (55) 
and (59) can be written in the form 

/ = -iL tt/ + (/-L*/), (60) 
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where d is either the Liouville vector field d = p\d x on T*Q or $ = Pkd k on V*Q. 

Given compatible prequantizations of T*Q and V*Q, let us construct their compatible 
polarizations and quantizations. Recall that polarization of a Poisson manifold (Z, {, }) 
is defined as a sheaf T* of germs of complex functions on Z whose stalks T*, z G Z, 
are Abelian algebras with respect to the Poisson bracket {, }. 16,17 . A quantum algebra A 
associated to the Poisson polarization T* is a subalgebra of the Poisson algebra C°°(Z) 
which consists of functions / such that {/, T*(Z)} C T*(Z). Polarization of a symplectic 
manifold yields its Poisson one. 

Let T* be a polarization of the Poisson manifold (T*Q, {, }t)- Its direct image in V*Q 
with respect to the fibration ( (8) is polarization of the Poisson manifold (V*Q, {, }y) if 
elements of T* are germs of functions constant on fibers of (, i.e., independent of the 
momentum coordinate p. It follows that the corresponding symplectic polarization T of 
T*Q is vertical with respect to (. The polarization T = VT*Q of T*Q obeys this condition. 
The associated quantum algebra At C C°°(T*Q) consists of functions which are afline in 
momenta p\. It acts by operators (60) on the space of smooth complex functions s on T*Q 
which fulfill the relation V u s = for any vertical vector field u on T*Q — > Q. Clearly, 
these functions are the pull-back of complex functions on Q along the fibration T*Q — > Q. 
Following the metaplectic correction procedure, we come to complex half-forms on Q which 
are sections of the complex line bundle T>i/ 2 — > Q with the transition functions d = Sc 
such that SS is the Jacobian of coordinate transition functions on Q. Then the formula 
(60), where L is the Lie derivative of half-forms, defines the Schrodinger representation of 
the real Lie algebra At by operators (34) in the space T>i/ 2 (Q) of complex half-forms p on 
Q. These operators are Hermitian on the pre-Hilbert space E C T> 1 / 2 (Q) of half-forms of 
compact support provided with the nondegenerate Hermitian form 



The vertical polarization of T*Q induces the polarization T y of the Poisson manifold 
V*Q which contains the germs of functions constant on fibers of V*Q — > Q. The associated 
quantum algebra Ay consists of functions on V*Q which are afline in momenta. It acts 
by operators (60) on the space of smooth complex functions s v on V*Q which fulfill the 
relation V u sy = for any vertical vector field u on V*Q — > Q. These functions are the 
pull-back of complex functions on Q along the fibration V*Q — > Q. Similarly to the case of 
At, we obtain the Schrodinger representation of Ay by the operators (33) on half-forms on 
Q. Moreover, a glance at the expressions (33) and (34) shows that (33) is the representation 
of Ay subalgebra of At- 

However, the physical relevance of the pre-Hilbert space E with the Hermitian form 
(61) is open to question. This Hermitian form implies integration over time, though the 




(61) 



Q 
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time plays a role of the classical evolution parameter in quantum mechanics. Since the 
representation (33) preserves the structure of Ay as a Lie C°°(R)-algebra, let us show that 
this representation defines the instantwise quantization of Ay. 

The prequantization (59) of the Poisson manifold V*Q yields prequantization of its 
symplectic leaf i t : V t *Q — > V*Q, t G 1, endowed with the symplectic form (36). Since 
w^(p is a vertical vector field on V*Q — > R for any one-form on V*Q, the contravariant 
derivative (58) defines a connection along each fiber V t *Q, t e R, of the Poisson bundle 
V*Q -> R. It is the pull-back 

A = i*/iM = dp k ®d k + dq k <g> (<9 fe + ?p fc c<9 c ) 

of the connection H*A (57) onto the trivial pull-back line bundle 

i* t C v = V t *Q xC^ V t *Q. 

It is readily observed that this connection is admissible for the symplectic structure (36) on 
V t *Q, and provides prequantization of the symplectic manifold (V t *Q, Q t ) by the formula 

ft = -iU h + (ft - U t ) = -*(d k f t d k - d k f t d k ) + {f t - Pk d k f t ), (62) 

where = d k f t d k — d k f t d k is the Hamiltonian vector field of a function f t on V t *Q with 
respect to the symplectic form Q t (36). The operators (62) act on smooth complex functions 
St on V t *Q. In particular, let ft, St and (fs)t be the restriction to V t *Q of a real function / 
and complex functions s and f(s) on V*Q, respectively. We obtain from the formulas (59) 
and (62) that ( fs) t = It follows that the prequantization (59) of the Poisson manifold 
V*Q is a fiberwise prequantization. 

Let T v be the above mentioned polarization of the Poisson manifold V*Q. It yields 
the pull-back polarization = i* t T v of a fiber V t *Q with respect to the Poisson morphism 
i t : V t *Q — > V*Q. The corresponding distribution T t coincides with the vertical tangent 
bundle of the fiber bundle V t *Q — > Qt- The associated quantum algebra At consists of 
functions on V*Q t which are affine in momenta. In particular, the restriction to V t *Q of 
any element of the quantum algebra Ay obeys this condition and, consequently, belongs 
At- Conversely, any element of At is of this type. 7,9 Thus, At = i* t Ay and, therefore, the 
polarization Ty of the Poisson bundle V*Q — > R is a fiberwise polarization. 

In order to provide metaplectic correction and to complete geometric quantization of 
symplectic fibers of the Poisson bundle V*Q — > R, we use the fact that the Jacobian J of 
the transition function between bundle coordinates (i, q k ) and (i, g' fc ) on Q coincides with 
the Jacobian J t of the transition function between coordinates (q k ) and (q' k ) on the fiber Q t 
of Q over a point 1 One can show that, given a bundle P1/2 — > <5 °f complex half-forms on 
Q, its pull-back ilT> 1 / 2 onto is the fiber bundle of half-forms on Qt- 7 ' 9 Then the formula 
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(62) defines the Schrodinger representation of the quantum algebra At of the symplectic 
fiber Q t by Hermitian operators (37) in the pre-Hilbert space E t of half-forms x of compact 
support on Q t equipped with the Hermitian metric (38). Spaces E t , t e R, are assembled 
into a trivial pre-Hilbert bundle over R. 

Any half- form p on Q yields a half-form on Q t . Given an element / G Ay and its 
pull-back f t = i* t f E A t , we obtain from the formulae (33) and (37) that fpoi t = f t (poit)- 
This equality shows that the Schrodinger quantization of the Poisson manifold V*Q can be 
seen as the instantwise quantization. 
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